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SUBMODULES IN POLYDOMAINS AND NONCOMMUTATIVE
VARIETIES
SUSMITA DAS, DEEPAK KUMAR PRADHAN, AND JAYDEB SARKAR
Abstract. Tensor product of full Fock spaces is analogous to the Hardy space over the
unit polysic. This also plays an important role in the development of noncommutative
operator theory and function theory in the sense of noncommutative polydomains. In
this paper we study joint invariant subspaces of tensor product of full Fock spaces. We
also obtain, by using techniques of noncommutative varieties, a classification of joint
invariant subspaces of n-fold tensor products of the Drury-Arveson space.
1. Introduction
The classical Beurling, Lax and Halmos theorem (see [8]) deals with a complete clas-
sification of invariant subspaces of vector-valued Hardy spaces over the unit disc D =
{z ∈ C : |z| < 1} in C. To be more specific, let E be a Hilbert space, and let H2E(D)
denote the E-valued Hardy space over the unit disc D in the complex plane C. If S is
a closed subspace of H2E(D), then the Beurling, Lax and Halmos theorem says that S
is Mz-invariant if and only if there exist a Hilbert space E∗ and a B(E∗, E)-valued inner
function Θ ∈ H∞B(E∗,E)(D) such that
S = ΘH2E∗(D).
In particular, for S as above, the restriction operator Mz|S on S is unitarily with mul-
tiplication operator Mz on the Hardy space H
2
F(D) for some Hilbert space F such that
dimF ≤ dim E .
It is natural to ask whether inner function based characterizations of invariant subspaces
can be valid on Hardy space over unit polydisc Dn, n > 1. The answer is negative
even for n = 2 (see Rudin [17]). However, recently in [7], an abstract classification of
invariant subspaces of the Hardy space over the unit polydisc has been proposed: Let
(Mz1 , . . . ,Mzn) be the n-tuple of multiplication operators by the coordinate functions
z1, . . . , zn on H
2(Dn), n > 1. Then a joint (Mz1 , . . . ,Mzn)-invariant subspace S ⊆ H
2(Dn)
is uniquely (up to unitary equivalence) determined by (n − 1) operator-valued bounded
analytic function on the open unit disc D.
The goal of the present paper is to examine a general technique for characterizing
joint invariant subspaces of the noncommutative Hardy space on the noncommutative
polydomain. In the noncommutative multivariable setting, the analogue of (commutative)
polydisc was introduced by Gelu Popescu in [16, 15]. Popescu’s theory is an attempt to
unify the multivariable operator model theory for ball-like domains and commutative
polydiscs and extend it to a more general class of noncommutative polydomains.
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Full Fock space plays a central role in noncommutative operator theory, both in the
analysis of operator model theory and in the formulation of noncommutative function
theory. From this point of view, in this paper, we characterize invariant subspaces of
tensor products of full Fock spaces. To be more specific, recall that for a given natural
number n ≥ 1, the full Fock space F 2n is defined by
F 2n :=
⊕
k∈N
(Cn)⊗k.
Here (Cn)⊗0 := C and (Cn)⊗k is the k-fold Hilbert space tensor product of Cn, and Cn
is the n-dimensional Hilbert space with {e1, . . . , en} as the standard orthonormal basis.
Define the left creation operator Si, i = 1, . . . , n, on F
2
n by (see [12])
Si(f) := ei ⊗ f (f ∈ F
2
n).
Then
S∗i Sj = δi,jIF 2n , (1)
for all 1 6 i, j 6 n. That is, (S1, . . . , Sn) is a tuple of isometries with orthogonal ranges.
In this paper, following Popescu [15, 16], we consider tensor product of full Fock spaces
and classify joint invariant subspaces of creation operators. More specifically, suppose
n = (n1, . . . , nk) ∈ N
k, and let
F 2
n
= F 2n1 ⊗ · · · ⊗ F
2
nk
.
Fix i ∈ {1, . . . , n}. We denote the ni-tuple of creation operator on F 2ni as Sni = (Si,1, . . . , Si,ni).
For each j = 1, . . . , ni, we consider the creation operator on F
2
n
corresponding to Si,j on
F 2ni as
IF 2n1
⊗ · · · ⊗ IF 2nj−1 ⊗ Si,j ⊗ IF 2nj+1 ⊗ · · · IF 2ni .
By abuse, when no confusion is possible, we will again denote the above operator on F 2
n
by Si,j . Consequently we have the follwing n-tuple S = (Sn1 , . . . , Snk) on F
2
n
.
The aim of this paper is to classify joint invariant subspaces of the n-tuple S =
(Sn1, . . . , Snk) on F
2
n
. We also aim to illustrate our ideas in the setting of noncommu-
tative varieties. In particular, we present a classification of joint invariant subspaces of
the n-fold tensor product of Drury-Arveson spaces H2n1 ⊗ · · · ⊗H
2
nk
.
This paper is organized as follows. Section 2 contains preliminary notions, such as Fock
module, polydomains, multi-analytic operators and noncommutative varieties. Section 3
contains results concerning representations of commutators of creation operators. Section
4 presents a classification result of joint invariant subspaces of F 2
n
. Section 5 discusses
our approach of invariant subspaces to noncommutative varieties.
2. Preliminaries
Given two Hilbert spaces H1 and H2, the set of bounded linear operators from H1 to
H2 will be denoted by B(H1,H2). If H1 = H2, then we shall write B(H1) for B(H1,H1).
Throughout this paper, n > 1 will denote a natural number. We will always assume that
0 ∈ N. Let B(H)n denote the set of all n-tuples of bounded linear operators on H, that is
B(H)n = {X = (X1, . . . , Xn) : X1, . . . , Xn ∈ B(H)}.
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Let C〈Z1, . . . , Zn〉 denote the unital and associative free algebra generated by n non-
commutative variables Z1, . . . , Zn over C, and let F
+
n denote the unital free semi-group
generated by n symbols, say g1, . . . , gn. Then
C〈Z1, . . . , Zn〉 =
⊕
α∈F+n
CZα.
Here Zα = Zgi1 · · ·Zgik for each word α = gi1 . . . gik ∈ F
+
n .
Now let {X1, ..., Xm} be n bounded linear operators on a Hilbert space H which are
not necessarily commuting. We realize H as a C〈Z1, . . . , Zn〉-Hilbert module as follows:
(p(Z1, . . . , Zn), f) 7→ p(Z1, . . . , Zn) · f := p(X1, . . . , Xn)f,
for all noncommutative polynomial p in C〈Z1, . . . , Zn〉 and f ∈ H. In such a case, we also
say that H is a (left) Hilbert module corresponding to X = (X1, . . . , Xn) ∈ B(H)n. If the
n-tuple X plays no direct role in a discussion or if it is clear from the context what X is,
we often just say that H is a C〈Z1, . . . , Zn〉-Hilbert module.
Now let H be a F〈Z1, . . . , Zn〉-Hilbert module (corresponding to the module maps
(X1, . . . , Xn)). Define QX : B(H)→ B(H) by (see [9])
QX(Y ) :=
n∑
j=1
XjY X
∗
j (Y ∈ B(H)).
With this notation, we have the following analogue of the unit complex n-ball in B(H)n
as follows:
B
(n)(H) := {X ∈ B(H)n : (IB(H) −QX)(IH) > 0}.
In particular,B(n)(H) is the set of all (non-commuting) row-contractions (see for example[6])
on Hn.
Let H be a C〈Z1, . . . , Zn〉-Hilbert module corresponding to (X1, . . . , Xn). We say that
H is row-contractive Hilbert Module if (X1, . . . , Xn) ∈ B(n)(H). Similar connotation will
be used for row-isometric and row-unitary Hilbert modules.
Given a row-contractive C〈Z1, . . . , Zn〉-Hilbert moduleH corresponding to (X1, . . . , Xn),
it follows that
IH > QX(IH) > Q
2
X(IH) > . . . > 0,
and hence
Q∞X := SOT− lim
l→∞
QlX(IH),
is a self adjoint bounded linear operator in B(H). It is easy to note that
QlX(IH) =
∑
|α|=l,
α∈F+n
XαX∗α,
for all l > 1. Thus we have the following (and well known) observation:
Lemma 2.1. Let H be a row-contractive C〈Z1, . . . , Zn〉-Hilbert module corresponding to
X ∈ Bn(H). Then Q∞X = 0 if and only if
SOT- lim
l→∞
∑
|α|=l,
α∈F+n
XαX∗α = 0.
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A row-contractive C〈Z1, . . . , Zn〉-Hilbert module H corresponding to X ∈ B
n(H) is
said to be pure if Q∞X = 0.
It is worth noting that given a closed subspace S of a Hilbert space H, the inclusion
map ιS : S →֒ H satisfies the following properties:
ι∗SιS = IS and ιSι
∗
S = PS .
LetH be a row-contractive C〈Z1, . . . , Zn〉-Hilbert module corresponding toX ∈ B
n(H),
and letM be a closed subspace of H. We say thatM is a submodule of H if XiM⊆M
for all i = 1, . . . , n. Clearly, if M is a submodule of H, then M is a Hilbert module
corresponding to the n-tuple
PMX|M = (PMX1|M, . . . , PMXn|M).
Now we prove that if H is a pure row-contractive C〈Z1, . . . , Zn〉-Hilbert module cor-
responding to X, then M is also a pure row-contractive C〈Z1, . . . , Zn〉-Hilbert module
corresponding to PMX|M.
Lemma 2.2. Any submodule of a pure and row-contractive C〈Z1, . . . , Zn〉-Hilbert module
is pure and row-contractive C〈Z1, . . . , Zn〉-Hilbert module.
Proof. LetM be a submodule of a pure and row-contractive C〈Z1, . . . , Zn〉-Hilbert module
H. Note that
Qι∗MXιM(IM) =
n∑
i=1
ι∗MXiιMIMι
∗
MX
∗
i ιM = ι
∗
M(QX(PM))iM.
Hence
IM −Qι∗MXιM(IM) = ι
∗
M(IH −
n∑
i=1
XiPMX
∗
i )ιM.
Since IH −
∑n
i=1XiPMX
∗
i ≥ IH −
∑n
i=1XiX
∗
i , it follows that
IM −Qι∗MXιM(IM) = ι
∗
M(IH −
n∑
i=1
XiPMX
∗
i )ιM ≥ 0.
Thus ι∗MXιM ∈ B
(n)(M). Also, since M⊥ is X∗i -invariant,
PMX
∗
j (PMX
∗
i ιM + PM⊥X
∗
i ιM) = PMX
∗
jX
∗
i ιM.
We have
Q2ι∗MXιM
(IM) = Qι∗MXιM(ι
∗
MQX(PM)ιM)
= Qι∗MXιM(ι
∗
M
n∑
i=1
XiPMX
∗
i ιM)
= ι∗M(
n∑
i=1
PMXi(
∑
j
XjPMX
∗
j )X
∗
i )ιM
= ι∗M(
n∑
i=1
Xi(
∑
j
XjPMX
∗
j )X
∗
i )ιM = ιMQ
2
X(PM)ιM,
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and so, inductively
Qlι∗MXιM
(IM) = ιMQ
l
X(PM)ιM.
Since QX is a pure and
QlX(IH − PM) > 0, l ∈ N,
the lemma follows. 
Let n := (n1, . . . , nk) ∈ Nk, and let B(ni)(H) the ni-ball in B(H)ni. We denote by
B(H)n1 ×c · · · ×c B(H)nk ⊂ B(H)n1 × · · · ×B(H)nk the set of all X := (X1, . . . , Xk) such
that Xi = (Xi,1, . . . , Xi,ni) commutes with Xj = (Xj,1, . . . , Xj,nj) for all 1 6 i 6= j 6 k.
The polyball Dn in B(H)n1 × · · · × B(H)nk is defined as (see Popescu [15])
D
n := {X = (X1, . . . , Xk) ∈ B(H)
n1 ×c · · · ×c B(H)
nk : △X(I) > 0},
where
△X(Y ) := (id−QX1) · · · (id−QXk)(Y ), Y ∈ B(H).
Note that if Xi doubly commutes with Xj for i 6= j, then
△X(Y ) =
k∏
l=1
(id−QXl).
The quintessential example of Hilbert modules over the algebra C〈Z1, . . . , Zn〉, is the so-
called full Fock module. For n ∈ N, n > 0, the full Fock space F 2n of n variables is defined
as
F 2n :=
⊕
k∈N
(Cn)⊗k,
where (Cn)⊗0 := C and (Cn)⊗k denotes the k-fold (vector space) tensor product of Cn.
For a chosen orthonormal basis, {e1, . . . , en} of Cn, we define the left creation operator
tuple S = (S1, . . . , Sn) on F
2
n as (see [12])
Si(f) := ei ⊗ f, f ∈ F
2
n , 1 6 i 6 n.
Note that
S∗i Sj = δi,jIF 2n , 1 6 i, j 6 n (2)
where δi,j is the Kronecker delta. Hence we have the following semi-group of isometries
with orthogonal ranges,
{Sα : α ∈ F+n },
where
Sα(f) := eα ⊗ f for f ∈ F
2
n , α ∈ F
+
n ,
and eα := egi1 ⊗ · · · ⊗ egik , for α = gi1 · · · gik ∈ F
+
n . Further, if |α| = 0, then we assume
Sα := IF 2n (equivalently e0 = 1). In a similar fashion, one may also define the semi-group
of right creation operators on F 2n as {R
α : α ∈ F+n } where
Rα := UtS
αUt,
and
Ut : F
2
n → F
2
n , Ut(eα) := α
t,
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and αt := gik · · · gi1, for a given α = gi1 · · · gik ∈ F
+
n . Clearly, Ut is unitary, and from the
above definition
Rα(f) = f ⊗ eαt f ∈ F
2
n , α ∈ F
+
n .
In this note, we denote the weakly closed algebra generated by {Rα : α ∈ F+n } and
{Sα : α ∈ F+n } by R
∞
n , F
∞
n , respectively.
A note of caution: Sα∗ 6= S∗α (as S1, . . . , Sn are noncommuting). However, Sα∗ =
S∗α
t
for all α ∈ F+n .
In this note, we will treat the full Fock module F 2n as the C〈Z1, . . . , Zn〉-Hilbert module
corresponding to the tuple of left creation operators (S1, . . . , Sn).
Note that the C〈Z1, . . . , Zn〉-Hilbert module corresponding to the right creation opera-
tors (R1, . . . , Rn), or a creation operators corresponding to any other choice of orthonormal
basis, is isometrically isomorphic to the full Fock module.
For n = 1, the full Fock module can be identified with the Hardy module H2(D) of the
disk and both F∞1 , R
∞
1 coincide with H
∞(D).
Let E be a Hilbert space. Then the E-valued full Fock module is the C〈Z1, . . . , Zn〉-
Hilbert module F 2n⊗E corresponding to the tuple (S1⊗IE , . . . , Sn⊗IE). By (2), it follows
that
IF 2n −
n∑
i=1
SiS
∗
i = PE ,
where E = ∩i ker S
∗
i = (C
n)⊗0, the vacuum vectors in the full Fock module. That is, the
full Fock module is row contractive.
A module map Θ ∈ B(F 2n ⊗ E , F
2
n ⊗ E∗), following Popescu [10], will sometimes be
referred to as a multi-analytic operator. It is known, (see for example [2], [5]) that the
set of all module maps from F 2n ⊗ E to F
2
n ⊗ E∗ coincides with the weakly closed algebra
R∞n ⊗B(E , E∗) generated by the spatial tensor product R
∞
n ⊗sp B(E , E∗). Recall that for
Θ ∈ R∞n ⊗B(E , E∗), one can associate a unique bounded operator
θ : E → F 2n ⊗ E∗, θx := Θ(1⊗ x), (x ∈ E). (3)
And
Θ = SOT- lim
r→1−
∞∑
l=0
∑
|α|=l
r|α|Rα ⊗ θα, (4)
where the operator-valued Fourier coefficients θα ∈ B(E , E∗) associated with Θ are given
by
〈θαtx, y〉 := 〈θx, eα ⊗ y〉 = 〈Θ(1⊗ x), eα ⊗ y〉, x ∈ E , y ∈ E∗, and α ∈ F
+
n . (5)
In this sequel, an operator that commutes with the adjoint of the left creation oper-
ators, will be referred to as a multi-coanalytic operator. Assume that a module map
Θ ∈ B(F 2n ⊗ E , F
2
n ⊗ E∗) is multi-coanalytic. Since eα ⊗ y = S
α ⊗ IE∗(1 ⊗ y), for |α| > 1,
by (5), it follows that
〈θαt(x), y〉 = 〈S
α∗ ⊗ IE(1⊗ x), Θ
∗(1⊗ y)〉 = 0, (x ∈ E , y ∈ E∗).
On the other hand, if Θ ∈ B(F 2n ⊗ E , F
2
n ⊗ E∗) and θα = 0 for all α ∈ F
+
n , then Θ is
multi-coanalytic. Hence we have the following obvious but useful lemma.
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Lemma 2.3. Let Θ ∈ B(F 2n ⊗ E , F
2
n ⊗ E∗) be a module map. Then Θ is multi-coanalytic
if and only if the associated Fourier coefficients θα = 0 for α ∈ F+n and |α| > 1.
Remark 2.4. One may deduce from the above lemma that a non-zero closed subspace
M ⊆ F 2n ⊗ E is joint reducing for (S1 ⊗ IE , . . . , Sn ⊗ IE) if and only if there exists a
closed subspace K ⊆ E such that M = F 2n ⊗ K. To see this, note that if M is reducing
for Si ⊗ IE ’s then the orthogonal projection PM onto M is a module map. Since PM is
self-adjoint it is also a multi-coanlaytic operator. Hence by the above lemma PM must
be constant, and since PM is positive and idempotent, it follows that PM = I ⊗ PK for
some K ⊆ E .
Let J ⊂ F∞n be weakly closed two-sided ideal. Define (see [14])
NJ := F
2
n ⊖ JF
2
n .
As J is a two-sided weakly closed ideal, the subspace MJ := JF 2n ⊂ F
2
n is a sub-module
over C〈Z1, . . . , Zn〉. Following [14], we denote the constrained left creation operator tuple
B = (B1, . . . , Bn) on NJ to be
Bi := PNJSi|NJ ,
for 1 6 i 6 n. Similarly, define
Wi := PNJRi|NJ ,
for 1 6 i 6 n. Also as noted in [14],
JF 2n = {Φ(1) : Φ ∈ J} and NJ =
⋂
Φ∈J
ker Φ∗. (6)
Now we define the notion of a non-commutative variety in Bn. This was first introduced
by Popescu in [16] and expounded upon in [15]. For Q ⊂ C〈Z1, . . . , Zn〉, define the
noncommutative variety VQ(H) as
VQ(H) := {X ∈ B
(n)(H) : p(X) = 0 for all p ∈ Q}.
Furthermore, if J ⊂ F∞n is a weakly closed two-sided ideal then, one can define
VJ(H) = {X ∈ B
(n)(H) : Φ(X) = 0 for all Φ ∈ J},
where Φ(X) is defined in the sense of Popescu’s non-commutative functional calculus [13].
We will often use VJ in place of VJ(H) whenever H is clear from the context. Let J ⊂ F∞n
to be the weakly closed two sided ideal J generated by {[Si, Sj]|1 6 i, j 6 n}. For n > 1,
the ideal J 6= F∞n . In particular
NJ 6= {0}.
We identify the quotient module NJ with the Drury-Arveson module of H
2
n, or the sym-
metric Fock module (in the sense of Arveson [1]). Note that
H2n =
∞∑
k=0
(Cn)⊗k,
where “ ⊗ ” denotes the symmetric tensor product. Here the constrained left creation
operator tuple is the n-shift and this is also the tuple of multiplication operators by the
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coordinate functions {z1, . . . , zn}. One can also identify the Drury-Arveson module with
the analytic Hilbert module over C[z1, . . . , zn] as
H2n = {f =
∑
α∈Nn
aαz
α ∈ O(Bn)|
∑
α∈Nn
|aα|
2 α!
|α|!
<∞},
where the multiplication by the coordinate function is given by the multiplication operator
tuple Mz = (Mz1 , . . . ,Mzn). In the language of quotient module of the Full Fock module,
the multiplication by the coordinate functions on Drury-Arveson module over the poly-
ball H2n1 ⊗ · · · ⊗H
2
nk
can be identified as follow
Bi,j = IH2n1 ⊗ · · · ⊗Mzi,j ⊗ · · · ⊗ IF 2nk , for 1 6 i 6 k, 1 6 j 6 ni,
where Mzi,j corresponds the multiplication map evaluated on the ball Bni ⊂ C
ni. For sim-
plicity sake we may ignore “⊗” and identify Bi,j withMzi,j . In particular, if (n1, . . . , nk) =
(1, . . . , 1), then the Drury-Arveson module on the poly-ball corresponds to the Hardy
module H2(Dn) over the unit polydisc.
3. Representations of commutators
Let H be a C〈Z1, . . . , Zn〉-Hilbert module corresponding to a isometries tuple V =
(V1, . . . , Vn) ∈ B
n(H). Further, assume that Vi’s have mutually orthogonal ranges and
Q∞V (IH) = 0. If E = H⊖
∑n
i=1 Vi(H), then by [11, Remark 1.4] it follows that
H =
⊕
α∈F+n
V αE .
Define LV : H → F 2n ⊗ E by
LV (V
α)f := eα ⊗ f = S
α(1⊗ f) (α ∈ F+n ).
Then LV is a unitary module map. In particular, if M⊂ F 2n ⊗K is a submodule and
Vi := ι
∗
M(Si ⊗ IK)ιM,
then
M = L∗V (F
2
n ⊗ E),
that is, M is isometric image of the module map L∗V . It then follows that
Θ(F 2n ⊗ E) =M, (7)
for some inner multiplier Θ = ιML
∗
V ∈ R
∞
n ⊗B(E ,K). This is a generalization of Beurling-
Lax-Halmos theorem to the setting of full Fock space. The above representation of M is
essentially unique (see for example [12], [5] and [2]). Here we give a quicker proof of this
fact:
Let E ′ be a Hilbert space, and let Ψ(F 2n ⊗ E
′) = M for some isometric multiplier Ψ ∈
R∞n ⊗B(E
′,K). Then
Si ⊗ IE(Θ
∗Ψ) = LV Viι
∗
MΨ
= LV ι
∗
MSi ⊗ IKιMι
∗
MΨ
= LV ι
∗
MSi ⊗ IKPMΨ.
The condition ranΨ =M implies that
(Si ⊗ IE)(Θ
∗Ψ) = LV ι
∗
MΨ(Si ⊗ E
′) = Θ∗Ψ(Si ⊗ E
′).
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Hence Θ∗Ψ is multi-analytic. Moreover
Ψ∗Θ(Si ⊗ IE) = Ψ
∗ιMViL
∗
V
= Ψ∗ιMι
∗
MSi ⊗ IKιML
∗
V
= Ψ∗PMSi ⊗ IKιML
∗
V .
Since LV and Ψ are both isometires onto the submodule M, it follows that
Ψ∗Si ⊗KιML
∗
V = Si ⊗ E
′Ψ∗ιML
∗
V
In particular, both Ψ∗Θ and Θ∗Ψ are multi-analytic. Then Lemma 2.3 implies that Θ∗Ψ
is a constant map. Finally, by the fact that Ψ and Θ both are isometry and range of Θ
orthogonal to kernl of Ψ and vice-versa, it follows that
Ψ = Θτ,
for some constant unitary τ ∈ B(E , E ′).
The next lemma gives an explicit description of the von-Neumann and Wold map LV
of a pure isometric tuple V . Recall that a wandering subspace of a row operator V =
(V1, . . . , Vn) is a closed subspace W ⊆ H such that
W ⊥ V αW.
The joint kernel ⋂
i
ker V ∗i = H⊖ V (H),
serves as an example of the wandering subspace. As mentioned above, every submodule
of Fock module is uniquely parametrized by wandering subspaces.
Then Lemma 2.1 applied to L∗V SiLV and using the fact that S
∗
i Sj = δi,jIF 2n , 1 6 i, j 6 n,
it follows that V is a pure row-isometry if and only if
SOT lim
l→∞
∑
|α|=l
V α∗ = 0.
Lemma 3.1. LetH be a pure row-isometric Hilbert module corresponding to V = (V1, . . . , Vn),
and let E be the generating wandering subspace for V . Suppose that PE is the orthogonal
projection onto E . Then
SOT−
∑
α∈F+n
V αPEV
α∗ = IH, (8)
Moreover, the von-Neumann Wold map LV : H → F2n ⊗ E , given by
LV (f) :=
∑
α∈F+n
eα ⊗ PEV
∗α(f) (f ∈ H),
is an isometric isomorphism.
Proof. Let E := ∩ni=1 ker S
∗
i . By (2), PE = IH −
∑n
i=1 ViV
∗
i . Hence
V αPEV
α∗ = V α(IH −
k∑
i=1
ViV
∗
i )V
α∗
= V αIHV
α∗ −
k∑
i=1
V αViV
∗
i V
α∗,
10 DAS, PRADHAN, AND SARKAR
for all α ∈ F+n , and k ∈ N. Recall that V
α∗ = V ∗α
t
. Hence the kth-partial sum of (8) is
given by
k∑
l=0
∑
|α|=l
(V αV α∗ −
∑
|α|=l+1
V αV α∗) = IH −
∑
|α|=k+1
V αV α∗.
By Lemma2.1, we conclude (8). To see that LV is an isomerty, note that
‖f‖ = ‖
∑
α∈F+n
V αPEV
∗α(f)‖ and ‖V αPEV
∗α(f)‖ = ‖eα ⊗ V ∗α(f)‖.
To see that LV is a module map, we compute
LV (Vif) =
∑
α∈F+n
eα ⊗ PEV
∗αVif
=
∑
α∈F+n
eα ⊗ PEV
∗αVif
= (Si ⊗ IE)(
∑
α∈F+n
eα ⊗ PEV
∗αf), α ∈ F+n .
The last equality follows form the fact that if α = gj1gj2 · · · gjn ∈ F
+
n , then
V ∗αVi =
{
V ∗gj2 ···gjn if gj1 = i,
0 otherwise.
It is easy to verify that LV is onto. 
Note that, for any C ∈ B(H), and f ∈ E ,
CL∗V (1⊗ f) = C(f)
⇒ LVCL
∗
V (1⊗ f) = LVCf
⇒ LVCL
∗
V (1⊗ f) =
∑
α∈F+n
eα ⊗ PEV
α∗Cf.
Hence if C commutes with V α, then
LVCL
∗
V (eα ⊗ f) = LVCL
∗
V (S
α ⊗ IE)(1⊗ f)
= LVCV
α(f)
= LV V
αCf
= (Sα ⊗ IE)LVC(f)
= (Sα ⊗ IE)LVCL
∗
V (1⊗ f).
Hence LVCL
∗
V is a multi-analytic operator for all C ∈ {V1, . . . , Vn}
′. Since LV is an
isometry, the transformation LVCL
∗
V is one to one into R
∞
n ⊗E .
Proposition 3.2. Let H be a pure, row-isometric C〈Z1, . . . , Zn〉-Hilbert module corre-
sponding to V = (V1, . . . , Vn). Let LV be the Wold von-Neumann map and E be the wan-
dering subspace for V . Then, C ∈ {V1, . . . , Vn}′ if and only if there exists a multi-analytic
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operator Θ ∈ R∞n ⊗B(E) such that LV CL
∗
V = Θ and the associated Fourier coefficients of
Θ are given by
θαt = PEV
α∗C|E ,
for all α ∈ F+n .
Proof. As verified above if C commutes with each Vi, then Θ = LVCL
∗
V is a multi-analytic
map. Further, by (4)
Θ = SOT− lim
r→1−
∞∑
l=0
∑
|α|=l
r|α|Rα ⊗ θα,
where θα ∈ B(E) for all α ∈ F 2n . Furthermore, using (5), for any x, y ∈ E
〈θαtx, y〉 = 〈LVCL
∗
V (1⊗ x), eα ⊗ y〉
= 〈CL∗V (1⊗ x), L
∗
V S
α ⊗ IE(1⊗ y)〉
= 〈Cx, V αy〉
= 〈PEV
α∗Cx, y〉.
The converse follows easily. 
4. Representations of submodules
Let K be a C[Z]-Hilbert module corresponding to T ∈ B(K). Consider the free algebra
C[Z]⊗ C〈Z1, . . . , Zn〉 generated by the indeterminates {Z,Z1, . . . , Zn}. Note that
ZZi − ZiZ = 0 (1 6 i 6 n).
We identify F 2n ⊗ K as a Hilbert module over C〈Z1, . . . , Zn〉 where the multiplication by
the coordinate functions Zi, Z, are given by the Si ⊗ IK for 1 6 i 6 n and IF 2n ⊗ T,
respectively. Since Si ⊗ IK doubly commutes with IF 2n ⊗ T , the above identification is
well defined. Conversely, if V ∈ B(n)(H) is a tuple of pure isometry and T ∈ B(H)
doubly commutes with V , then we identify H to be the full Fock module F 2n ⊗ H, with
the operator T is identified with constat multiplication operator 1⊗T. Indeed, the above
identifications is only a paraphrasing of Lemma 2.3 along with Lemma 3.1.
Theorem 4.1. Let M = Θ(F 2n ⊗ E) ⊆ F
2
n ⊗ K be a closed S-invariant subspace corre-
sponding to the inner multi-analytic operator Θ ∈ R∞n ⊗B(E ,K), and let T ∈ B(F
2
n ⊗K).
Suppose that [T, Si] = 0 for all 1 6 i 6 n. Then the following are equivalent:
(a) M is invariant under T .
(b) There exists Φ ∈ R∞n ⊗B(E) such that,
ΘΦ = TΘ. (9)
If either of the above conditions hold, then the associated Fourier coefficients of Φ are
given by
φαt = PEPM(S
α∗ ⊗ IK)T |E (α ∈ F
+
n ).
Proof. (b)⇒ (a) is clear as (9) holds.
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To see (a)⇒ (b), denote Vi := ι∗M(Si⊗IK)ιM (also V := (V1, . . . , Vn)) and T˜ = ι
∗
MT ιM,
evidently [Vj , T˜ ] = 0. Hence by Proposition 3.2, there exist Φ ∈ R
∞
n ⊗E such that Φ =
LV T˜L
∗
V and
φαt = PEV
α∗T˜ |E = PEι
∗
M(S
α∗
1 ⊗ IK)ιMι
∗
MT ιM|E
= PEPM(S
α∗
1 ⊗ IK)T |E ,
where the last equality follows from the fact that ι∗M is a co-isometry with kernel M
⊥,
ι∗M on M is identity and that T keeps M invariant. It now remains to prove that Θ
intertwines Φ and T . To see this note that by definition,
Φ = LV T˜L
∗
V
= LV ι
∗
MT ιML
∗
V
= Θ∗TΘ.
Since M is T -invariant and ranΘ =M (as well as ΘΘ∗ = PM), we have
ΘΦ = TΘ.

Remark 4.2. It is clear that if T is an isometry, then Φ is also an isometry. Indeed
Φ = Θ∗TΘ,
and range of the ismoetry Θ is a T -invariant subspace M. To see that Φ is also pure,
we first invoke Lemma 2.2 and then use the fact that T˜ is unitarily equivalent to Φ on
F 2n ⊗W. In summary, the above theorem along with (9) says:
T ∈ B(M) if and only if Φ ∈ B(F 2n ⊗W),
and
T is pure if and only if Φ is pure.
In the following we characterize submodules of Hilbert modules over F[Z] where F =
C〈Z1, . . . , Zm〉. Let F 2n ⊗ K be the full Fock module over C〈Z1, . . . , Zm〉. For instance,
if K = F 2m, then one can identify F
2
n ⊗ K as a Hilbert module over C〈Z1, . . . , Zn〉 with
F = C〈Z1, . . . , Zm〉. One may also realize F 2n ⊗ F
2
m as a Hilbert module over the algebra
C〈Z1, . . . , Zn〉 ⊗C C〈Z1, . . . , Zm〉 where the tensor product is over free algebras over C.
Remark 4.3. Let K = F 2m, and let F
2
n ⊗ K be the full Fock module over C[Z1, . . . , Zn].
Suppose Γi := IF 2n ⊗ Si. Then
[Γi, (Sj ⊗ IK)] = 0 = [Γi, (S
∗
j ⊗ IK)] 1 6 i 6 m, 1 6 j 6 n. (10)
Hence by Lemma 2.3, Γi ∈ R∞n ⊗B(K), and the associated Fourier coefficients are given
by
γi,αt = 0 for all α ∈ F
+
n , and |α| 6= 0.
As the extension of scalars agrees with the mutli-analytic structure of the Fock space
we inductively extend the scalars and consider F 2n1 ⊗ · · · ⊗ F
2
nk
as a Hilbert module over
the algebra C〈Z1, . . . , Zn1〉 ⊗C · · · ⊗C C〈Z1, . . . , Znk〉. Henceforth, this extended Hilbert
module will also referred to as the Fock module on the non-commutative poly-ball. If
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(n1, . . . , nk) = (1, . . . , 1), then the nomenclature agrees with the Hardy space over the
unit polydisc. For the sake of simplicity given n = (n1, . . . , nk) ∈ Nk, we denote
F 2n := F
2
n1
⊗ · · · ⊗ F 2nk .
Corollary 4.4. Let n ∈ Nk, F 2n be the full Fock module on the poly-ball, and suppose
K = F 2n2 ⊗ · · · ⊗ F
2
nk
. Then M ⊆ F 2n is a submodule if and only if there exist a Hilbert
space E and an inner multi-analytic map Θ ∈ R∞n1⊗B(E ,K) and multi-analytic operators
Φi,j ∈ R∞n1⊗B(E), 1 6 i 6 k and 1 6 j 6 ni, such that
M = Θ(F 2n1 ⊗ E),
and
kΓi,jΘ = ΘΦi,j , 1 6 i 6 k, and 1 6 j 6 ni.
In this case, the associated Fourier coefficients of Φi,j are given by
φi,j,αt = PEPM(S
α∗
1 ⊗ Γi,j)|E , α ∈ F
+
n1
.
In view of Remark 4.2 it is clear that Φi,j ’s in the above corollary are pure isometries.
Moreover, a similar argument to that of the said remark can be used to conclude that
the row operators (Φi,1, . . . ,Φi,ni), i = 1, . . . , n, are a row isometry. In particular the
submoduleM is ismorphic to the Fock module F 2n1 ⊗W over C〈Z1,1, . . . , Z1,n1〉⊗C · · ·⊗C
C〈Zk,1, . . . , Zk,nk〉. Further, the multiplication by the coordinate functions Z1,j is given by
Sj ⊗ IW where as the multiplication by the coordinate functions Zi,j is given by Φi,j for
i > 1.
To conclude this section we note thatΦi,j is unique.
Proposition 4.5. In the setting of Corollary 4.4, let M = Θ˜(F 2n1 ⊗ E˜), and let
Γi,jΘ˜ = Θ˜Φ˜i,j , 1 6 i 6 k, and 1 6 j 6 ni,
for some pure row isometries Φ˜i,j ∈∈ R∞n ⊗B(E˜). Then there exists a constant unitary
map τ : F 2n1 ⊗ E → F
2
n1
⊗ E˜ such that
τSj ⊗ IE = Sj ⊗ IE˜τ, 1 6 j 6 n1,
and
τΦi,j = Φ˜i,jτ, 1 6 j 6 ni, 1 < i 6 k.
Proof. By (7) and the discussion followed by (7), it follows that there exists a constant
unitary τ ∈ R∞n1 ⊗ B(E , E˜) such that Θ˜τ = Θ. Hence
Γi,jΘ = ΘΦi,j
⇒ Γi,jΘ˜τ = Θ˜τΦi,j
⇒ Θ˜Φ˜i,jτ = Θ˜τΦi,j .
The proposition now follows from the fact that Θ˜ is an isometry. 
For the case (n1, . . . , nk) = (1, . . . , 1) (i.e. the Hardy space of the polydisk) we recover
[7, Theorem 3.2].
14 DAS, PRADHAN, AND SARKAR
5. Submodules in noncommutative varieties
We begin by recalling some facts about constrained creation operators (for more details
see [14]). Let K and K′ be Hilbert spaces, and let J ( F∞n be a weakly closed two-
sided ideal. The constrained left and right creation operators on NJ are defined by
Bj := PNJSj|NJ and Wj = PNJRj |NJ (= ι
∗
NJ
RjιNJ ), 1 6 j 6 n, respectively. Note that
Bj(f) := PNJPNJSj |NJ (f) = ι
∗
NJ
SjιNJ (f) (f ∈ NJ),
and
Wj(f) = PNJRj |NJ (f) = ι
∗
NJ
RjιNJ (f) (f ∈ NJ).
Moreover
W (B1, . . . , Bn)
′ = W (W1, . . . ,Wn).
and the noncommutative version of intertwiner lifting [11] implies that
W (W1, . . . ,Wn)⊗B(K,K
′) = PNJ⊗K′ [R
∞
n ⊗B(K,K
′)]|NJ⊗K,
and
W (B1, . . . , Bn)⊗B(K,K
′) = PNJ⊗K′[F
∞
n ⊗B(K,K
′)]|NJ⊗K. (11)
Remark 5.1. Clearly B is a row contraction. Moreover, by (6) and (11), it follows that B
belongs to the non commutative variety VJ ⊂ B(n)(NJ).
The following theorem is due to Popescu [14, Theorem 1.2].
Theorem 5.2. Let J ( F∞n be a weakly closed two-sided ideal, and let K be a Hilbert
space. A closed subspace M⊆ NJ ⊗K is a submodule if and only if there exist a Hilbert
space G and a partial isometry
Θ(W1, . . . ,Wn) ∈ W (W1, . . . ,Wn)⊗B(G,K)
such that
M = Θ(W1, . . . ,Wn)(NJ ⊗ G).
The statement above can be extended inductively to n-fold tensor product. Let Qi ⊆
F 2ni, i = 1, . . . , k, be a quotient mosule. Suppose
Q := Q1 ⊗ · · · ⊗ Qr ⊗K ⊆ F
2
n ⊗K,
and let 1 ∈ Q [14]. Suppose M⊆ Q1 ⊗ · · · ⊗ Qr ⊗K is reducing for
PQSi,j|Q := ι
∗
QIF 2n1
⊗ · · · ⊗ Si,j ⊗ · · · ⊗ IF 2nk ⊗ IKιQ.
If K1 := Q2 ⊗ · · · ⊗ Qr ⊗K, then
M⊆ Q1 ⊗K1 ⊂ F
2
n1
⊗K1 ⊂ F
2
n ⊗K,
reducing submodule for ι∗QS1,jιQ. Hence by [14, Corollary 1.7]
M = Q1 ⊗ E1,
for some closed subspace E1 ⊆ K1. Also E1 ⊂ Q2 ⊗K2 is reducing for PQ2⊗K2(S2,j ⊗ · · · ⊗
IK)|Q2⊗K2, where K2 = Q3 ⊗ · · · ⊗ K. Therefore
M = Q1 ⊗ E1 = Q1 ⊗Q2 ⊗ E3, E3 ⊆ K2.
Hence by induction one shows that M = Q1 ⊗ · · · ⊗ Qr ⊗ E for some closed subspace
E ⊆ K.
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Lemma 5.3. Let Q1⊗· · ·⊗Qr⊗K ⊂ F
2
n⊗K for quotient modules Qi ⊂ F
2
ni
, i = 1, . . . , k.
If M ⊂ Q1 ⊗ · · · ⊗ Qr ⊗K is reducing for the constrained creation operators, then there
exists a closed subspace E ⊆ K such that
M = Q1 ⊗ · · · ⊗ Qr ⊗ E .
Proposition 5.4. Let N ⊆ F 2n1 ⊗ · · · ⊗ F
2
nk
be a closed subspace. Suppose that 1 ∈ N .
Then N is a doubly commuting quotient module if and only if there exist quotient modules
Nj ⊆ F 2nj , 1 6 j 6 k, such that N = N1 ⊗ · · · ⊗ Nk.
Proof. Let N ⊂ F 2n1 ⊗ · · · ⊗ F
2
nk
be a quotient module. Define
N˜ :=
∨
(β2,...,βk)∈F
+
n2
×...×F+nk
S
β2
2 · · ·S
βk
k N ,
where S1 = (S1,1, . . . ,S1,n1) and Si,j = IF 2n1 ⊗· · ·⊗Si,j⊗· · ·⊗ IF 2nk , 1 < i 6 k, 1 6 j 6 nk.
By the fact that each Si is row-isometry and N is co-invariant under each Si, it follows
that N˜ is reducing for S2, . . . ,Sk. Hence by lemma 5.3, we deduce that
N˜ = E1 ⊗ F
2
n2
· · · ⊗ F 2nk ,
for some closed subspace E1 ⊆ F 2n1 . Finally, since N is S
∗
1 invariant, it follows that E1 is
also S∗1 invariant, that is, E1 is a quotient module of F
2
n1
.
Now let K = F 2n2 ⊗· · ·⊗F
2
nk
. We claim that N ⊂ E1⊗K is reducing for X1 := ι∗N˜S1ιN˜ .
Assuming this claim holds, we have, by the above lemma
N = E1 ⊗ E˜2,
for some closed subspace E˜2 ⊆ K. It is clear, since N is S∗i invariant, that any such E2
is also S∗i invariant for 2 6 i 6 k. Hence by a finite repetition the above argument (for
details see [4]) we conclude that
N = E1 ⊗ · · · ⊗ Ek,
for some quotient module Ei, 1 6 i 6 k.
Finally, to complete the argument we need to show that N is reducing for X1. Since
PN = ιN ι
∗
N , it follows that
PNX
∗
1,i(f) = PNX
∗
1,i
∑
(β2,...,βk)∈F
+
n2
×...×F+nk
S
β2
2 · · ·S
βk
k f(β2,...,βk)
= PN ι
∗
N˜
∑
(β2,...,βk)∈F
+
n2
×...×F+nk
S∗1ιN˜S
β2
2 · · ·S
βk
k f(β2,...,βk)
= PN
∑
(β2,...,βk)∈F
+
n2
×...×F+nk
S
β2
2 · · ·S
βk
k S
∗
1f(β2,...,βk).
But since N is doubly commuting, given any l = (β2, · · · , βk), we have
[ι∗NS
∗
1,jιN , ι
∗
NS
l
i,kιN ] = 0
⇔ S∗1,iPNS
β2
2 · · ·S
βk
k (g) = PNS
β2
2 · · ·S
βk
k S
∗
1,i(g), g ∈ N .
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Hence combining both the above equations we get
PNX
∗
1,i(f) =
∑
(β2,...,βk)∈F
+
n2
×...×F+nk
S∗1,iPNS
β2
2 · · ·S
βk
k f(β2,...,βk)
= X∗1,iPN (f), f ∈ N˜ .
This completes the proof. 
The above proposition suggests that an appropriate structure for the study of doubly
commuting quotient modules representing universal model (in the sense of Popescu) could
be
N = NJ1 ⊗ · · · ⊗NJk ⊆ F
2
n1
⊗ · · · ⊗ F 2nk ,
where Ji ⊂ F∞ni are weakly closed two sided ideals. Before proceeding further, for the ease
of reading, we fix some notations. Given (n1, . . . , nk) ∈ Nk, let Ji ⊂ F∞ni , 1 6 i 6 k, be
weakly closed two-sided ideal. We denote Bi := (Bi,1, . . . ,Bi,ni) where
Bi,j = INJ1 ⊗ · · · ⊗ Bi,j ⊗ · · · ⊗ INJk ,
for 1 6 i 6 k and 1 6 j 6 ni. Similarly we set Wi = (Wi,1, . . . ,Wi,ni) and
Wi,j := INJ1 ⊗ · · · ⊗Wi,j ⊗ · · · ⊗ INJk .
Note that as in the case of (10), the tuple Bp doubly commutes with Bq for all 1 6 p 6=
q 6 k.
Theorem 5.5. Let n ∈ N and let NJ⊗K ⊆ F 2n⊗K be a quotient module. LetM⊆ NJ⊗K
be invariant under the constrained creation operator B corresponding to Θ(W1, . . . ,Wn) ∈
W (W1, . . . ,Wn)⊗B(E ,K). Let T ∈ B(NJ⊗K) such that [T,Bi] = 0. Then the the following
are equivalent.
(i) M is invariant under T.
(ii) There exists Φ ∈ W (W1, . . . ,Wn)⊗B(E) such that
ΘΦ = TΘ.
Proof. We wish to apply Theorem 4.1 in conjunction with the non-commutative commu-
tant lifting. To this end, let
MJ := (F
2
n ⊗K)⊖ (NJ ⊗K), and MJ = MJ ⊕M.
Note that, by [11, Theorem 3.2], there exists Ψ ∈ R∞⊗B(K) such that
Ψ∗|N
J
⊗K = T
∗. (12)
Also by construction, MJ is Ψ invariant. Now by Theorem 4.1 there exists a Hilbert
space G, and Θ˜ ∈ R∞n ⊗B(G,K), Φ ∈ R
∞
n ⊗B(G), such that
Θ˜(F 2n ⊗ G) =MJ , Θ˜Φ˜ = ΨΘ˜,
and the associated Fourier coefficients for Φ˜ are given by
φ˜αt = PGPMJ (S
α∗ ⊗ IK)Ψ|G, α ∈ F
+
n .
By virtue of the wandering subspace property of invariant subspaces and the fact that
MJ is invariant, one may choose Θ˜ to be upper triangular. Namely, if
E := G ⊖W,
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where G is the wandering subspace for MJ ⊕M and W is the wandering subspace for
MJ , then by [5, Theorem 2.1]
MJ ⊕M = F∞n [G] and MJ = F
∞
n [W].
Thus we may choose Θ˜ such that
MJ ⊕M = Θ˜(F
2
n ⊗ G) and MJ = Θ˜|F 2n⊗W(F
2
n ⊗W),
such that the Fourier map θ˜ ∈ B(1⊗ G, F 2n ⊗K) (see (3)) is given by
〈θ˜(1⊗ e), f〉 = 0, for all e ∈ W and f ∈ NJ ⊗K.
Now we define
Θ := PNJ⊗KΘ˜|NJ⊗E ∈ W (W1, . . . ,Wn)⊗B(E ,K),
and
Φ := PNJ⊗EΦ˜|NJ⊗E ∈ W (W1, . . . ,Wn)⊗ B(E).
Note that
Θ˜Φ˜ = ΨΘ˜
⇒ PNJ⊗KΘ˜Φ˜|NJ⊗E = PNJ⊗KΨΘ˜|NJ⊗E .
Hence
PNJ⊗EΦ˜
∗Θ˜∗PNJ⊗K = PNJ⊗EΘ˜
∗Ψ∗PNJ⊗K
⇒ PNJ⊗EΦ˜
∗Θ˜∗PNJ⊗K = PNJ⊗EΘ˜
∗PNJ⊗KΨ
∗PNJ⊗K
⇒ PNJ⊗EΦ˜
∗Θ˜∗PNJ⊗K
(12)
= Θ∗T ∗
⇒ PNJ⊗KΘ˜PF 2n⊗WΦ˜PNJ⊗E + PNJ⊗KΘ˜PF 2n⊗EΦ˜PNJ⊗E = TΘ.
Moreover by the choice of Θ˜, it follows that
PNJ⊗KΘ˜PF 2n⊗WΦ˜PNJ⊗E = 0.
Hence
PNJ⊗KΘ˜PF 2n⊗E Φ˜PNJ⊗E = TΘ.
Finally, [14, Lemma 1.1] implies that
Θ˜∗PNJ⊗K = PNJ⊗EΘ˜
∗PNJ⊗K,
hence
Θ(NJ ⊗ E) =M,
and
PNJ⊗KΘ˜PNJ⊗EΦ˜PNJ⊗E = TΘ
⇒ ΘΦ = TΘ,
which completes the proof. 
One immediate corollary of the above theorem that goes without proving is the follow-
ing.
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Corollary 5.6. Let (n1, . . . , nk) ∈ N
k, and let NJi be quotient module of the Fock module
F 2ni associated with weakly closed two-sided ideal Ji ⊂ F
∞
ni
, 1 6 i 6 k. Suppose
K = NJ2 ⊗ · · · ⊗NJk .
ThenM is a submodule of the quotient module NJ1⊗· · ·⊗NJk over C[Z1, . . . , Zn1]⊗C· · ·⊗C
C[Z1, . . . , Znk ] if and only if there exits a Hilbert space E and a constrained multi-analytic
partial isometry Θ ∈ W (W1,1, . . . ,W1,n1)⊗B(E ,K) and constrained multi-analytic oper-
ator Φi,j ∈ W (W1,1, . . . ,W1,n1)⊗B(E) such that
M = Θ(NJ1 ⊗ E)
and
ΘΦi,j = Bi,jΘ,
for all 2 6 i 6 k and 1 6 j 6 ni.
Note that in the above theorem, one may invoke Theorem 4.1 to get the associated
Fourier coefficients of Φ˜ as
φ˜αt = PGPMJ (S
α∗
1 ⊗ IK)Ψ|G (α ∈ F
+
n ).
Thus assuming further that 1 ∈ NJ , and letting g, h ∈ G,
〈Φ(1 ⊗ g), (Bα ⊗ h)〉
= 〈Bα∗Φ(1⊗ g), (1⊗ h)〉
=
∑
β∈F+n1
〈Bα∗PNJ⊗GR
β ⊗ φ˜αt(1⊗ g), 1⊗ h〉
=
∑
β∈F+n1
〈Bα∗PNJ⊗GR
β ⊗ φ˜αt(1⊗ g), 1⊗ h〉
= (
∑
β∈F+n1
〈Bα∗W β1, 1〉)〈φ˜αtg, h〉
= βα〈φ˜αtg, h〉.
Further by Theorem 4.1 the associated Fourier coefficients of Φ are given by
φ˜αt = PGPM(S
α∗ ⊗ IK)Ψ|G α ∈ F
+
n1
.
Note that the lifting Ψ may not be uniquely determined and consequently Φ need not
be uniquely determined. Moreover, in general the constants βα, α ∈ F+n may not be
easy to compute. Recall that in the case of d-shift on Drury-Arveson space, we have the
following identity (see [1]):
Mp∗z M
q
z =
{
p!
|p|!
p = q,
0 otherwise ,
for all p, q ∈ Nd. Then as in Corollary 4.4, one may extend the above theorem inductively
to classify the sub modules of NJ1 ⊗ · · · ⊗ NJk . In the case of Drury-Arveson module
H2n1 ⊗ · · · ⊗H
2
nk
of the pollyball, we have Bi,j = I ⊗ · · · ⊗M
(i)
zj ⊗ · · · ⊗ I. Hence
βαp =
p!
|p|!
(p ∈ Nn1).
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For simplicity sake if we consider the case where k = 2, and apply the above theorem to
Tj = I ⊗M
(2)
zj then Tjs doubly commute with B1 and
Tj = PH2n1⊗H
2
n2
(I ⊗ Sj)|H2n1⊗H2n2 .
Hence the associated Fourier coefficients of the corresponding Φ˜j as in Theorem 5.5 are
given by
φ˜
(j)
αt
= PGPM(S
α∗ ⊗ Γj)|G,
where Γj = IF 2n ⊗ Sj |M .
Corollary 5.7. Let (n1, . . . , nk) ∈ Nk, and let H2ni, 1 6 i 6 k, be the Drury-Arveson
module. Suppose K = H2n2 ⊗ · · · ⊗ H
2
nk
and M ⊆ H2n1 ⊗ · · · ⊗ H
2
nk
is a closed subspace.
ThenM is a submodule if and only if there exits a Hilbert space E and a partial isometric
multiplier Θ ∈M(H2n1)⊗B(E ,K), such that
M = Θ(H2n1 ⊗ E),
and there exists Φi,j ∈M(H2n1)⊗B(E) such that
Γ
(i)
j Θ = ΘΦ
i
j(z1), 2 6 i 6 k, 1 6 j 6 ni,
with the associated Taylor coefficients
φ
(j)
j,αt
=
|α|!
α!
PEPM(S
α∗ ⊗ Γj)|E .
Acknowledgement: The research of the second named author is supported by NBHM
(National Board of Higher Mathematics, India) post-doctoral fellowship no: 0204/27-
/2019/R&D-II/12966. The research of the third named author is supported in part by
NBHM grant NBHM/R.P.64/2014, and the Mathematical Research Impact Centric Sup-
port (MATRICS) grant, File No: MTR/2017/000522 and Core Research Grant, File No:
CRG/2019/000908, by the Science and Engineering Research Board (SERB), Department
of Science & Technology (DST), Government of India. The third author also would like
to thanks the Institute of Mathematics of the Romanian Academy, Bucharest, Romania,
for its warm hospitality during a visit in May 2019.
References
[1] W. Arveson, Subalgebras of C*-algebras. III. Multivariable operator theory. Acta Math. 181 (1998),
159-228.
[2] A. Arias, G. Popescu, Factorization and reflexivity on Fock spaces.Integral Equations Operator The-
ory 23 (1995), 268-286.
[3] A. Arias, G. Popescu, Noncommutative interpolation and Poisson transforms. Israel J. Math. 115
(2000), 205-234.
[4] A. Chattopadhyay, B. Das, J. Sarkar, Tensor product of quotient Hilbert modules. J. Math. Anal.
Appl. 424 (2015), 727-747.
[5] K. Davidson, D. Pitts, Invariant subspaces and hyper-reflexivity for free semigroup algebras. Proc.
London Math. Soc. (3) 78 (1999), 401-430.
[6] S. Gorai, J. Sarkar, Contractively embedded invariant subspaces. Interpolation and realization theory
with applications to control theory. 117-131, Oper. Theory Adv. Appl., 272, Birkhäuser/Springer,
Cham, 2019.
20 DAS, PRADHAN, AND SARKAR
[7] A. Maji, A. Mundayadan, J. Sarkar, Sankar T. R. Characterization of invariant subspaces in the
polydisc.J. Operator Theory 82 (2019), 445-468.
[8] B. Sz.-Nagy and C. Foias, Harmonic Analysis of Operators on Hilbert Space, North Holland, Ams-
terdam, 1970.
[9] V. Paulsen, Completely bounded maps and operator algebras. Cambridge Studies in Advanced Math-
ematics, 78. Cambridge University Press, Cambridge, 2002. xii+300 pp.
[10] G. Popescu, Multi-analytic operators and some factorization theorems. Indiana Univ. Math. J. 38
(1989), 693-710.
[11] G. Popescu, Isometric dilations for infinite sequences of noncommuting operators.Trans. Amer. Math.
Soc. 316 (1989), 523-536.
[12] G. Popescu, Characteristic functions for infinite sequences of noncommuting operators. J. Operator
Theory22 (1989), 51-71.
[13] G. Popescu, Functional calculus for noncommuting operators, Michigan Math. J. 42 (1995), 345-356.
[14] G. Popescu, Operator theory on noncommutative varieties. Indiana Univ. Math. J. 55 (2006), 389-
442.
[15] G. Popescu, Berezin transforms on noncommutative varieties in polydomains. J. Funct. Anal. 265
(2013), 2500-2552.
[16] G. Popescu, Berezin transforms on noncommutative polydomains.Trans. Amer. Math. Soc. 368
(2016), 4357-4416.
[17] W. Rudin, Function Theory in Polydiscs, Benjamin, New York 1969.
Indian Statistical Institute, Statistics and Mathematics Unit, 8th Mile, Mysore Road,
Bangalore, 560059, India
E-mail address : susmita_rs@isibang.ac.in
Indian Statistical Institute, Statistics and Mathematics Unit, 8th Mile, Mysore Road,
Bangalore, 560059, India
E-mail address : deepak12pradhan@gmail.com
Indian Statistical Institute, Statistics and Mathematics Unit, 8th Mile, Mysore Road,
Bangalore, 560059, India
E-mail address : jay@isibang.ac.in, jaydeb@gmail.com
